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Abstract

For solving some non-linear elliptic equations it may be convenient, from the theoretical and
numerical points of view, to see them as elliptic variational inequalities. We shall consider in this paper
of such situation, the family of non-linear elliptic equations. The equivalence between the non-linear
elliptic equation and the elliptic variational inequality EVI of the second kind is proved.
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1. Introduction
The variational inequality is an important and very useful class of non-linear
problems arising from mechanics, physics etc. the theory of variational inequalities is
rich and exciting, within it, one can find a wealth of powerful ideas which do not only
reveal fundamental facts on the qualitative behavior of solutions to important classes
of non-linear boundary value problems, but which also provide a natural frame work

for a host of relatively new numerical methods . (Lions, 1967).
1.1: Notations

* V: real Hilbert space with scalar product (.,.) and associated norm |||| .
* V" : the dual space of V.
*a(.,.): VxV — R is abilinear , continuous and V-elliptic formon V' x V.

A bilinear form a(.,.) is said to be V-elliptic if there exists a positive constant
o such that a(v,v)> 05||v||2 Vvel.

In general we do not assume af(.,.) to be symmetric, since in some applications
non-symmetric bilinear forms may occur naturally (Lions, 1967).

* L:V — R continuous, linear functional.
* K is a closed, convex , non-empty subset of V.

* j(-):V—)ﬁz‘Ru{OO} is a convex , lower semi- continuous (l.s.c.) and proper
functional.
((.) is proper if j(v)>-00  VveV and j#o).

1.2: EVI of First Kind
To find ueV such that u is a solution of the problem

a(u,v-u)+j(v)-j(w)=L(v-u) , VveV

ueV



2. Theoretical and Numerical Analysis of Some Mildly Non-Linear Elliptic
Equations
2.1: Formulation of the continuous problem (Vaunberg, 1973; Asmar, 2000):

Let Q be a bounded domain of R™(N>2) with a smooth boundary I". We
consider

*V =H!(Q),
* L(v)=<fv>, feV = H(Q),
*p:R>R, ¢eC° (fR) , non-decreasing function with ¢(O) =0
We then consider the following non-linear elliptic equation (P) defined by

(Vainberg, 1973; Asmar, 2000):-
Find ueV such that

(P) alu, v+ < g(u),v >= L(v) Vvel,
Hu)e L(Q) H Q)
It follows from the Riesz representation Theorem that there exists Ae 9(V,VH)
such that a(u,v)=<Au,v>  Vu,veV. Therefore (P) is equivalent to

Au + ¢(u) =/,
weV, b (2.1)
Hu)e L'(Q)nH™ (@)

2.2: A variational inequality related to (P).
2.2.1: Definition of the variational inequality

Let D(¢)= j¢(r)dr e, (2.2)

D(@)={eV:o()eL'(Q)}.....c......... 2.3)
The functional j : L’ (Q) — R is defined by

jv)= i D (v)dx if ®(v)eL(Q),

j)=+0 if ©(v)e L'(Q)
Instead of studying the problem (P) directly , it is natural to associate to (P) the
following EVI of the second kind (Chipot & Michaille, 1987):-

(@] a0 Sz Los) e

If a(.,.) is symmetric, a standard method to study (P) is to consider it as the
formal Euler equation of the following minimization problem encountered in the
calculus of variations.

Ju)<J(v) VVGV,}
uelV



2.2.2: Properties of j(.):
Since ¢ : R — R is non-decreasing and continuous with ¢(0)= 0, we have

D eC'(R),D convex, D(0)=0, D)0 VteR .......... 2.7)
The properties of j(.) are given by the following lemma:
Lemma 2.1: The functional j(.) is convex , proper and Ls.c. over L*(Q).
Proof: since j(v)>0 Vve L*(Q) it follows that j(.) is proper. The convexity of j(.) is
obvious from the fact that @ is convex.
Let us prove that j(.) is Ls.c. Let (Vo)a, vae L*(Q) be such that
limV, =V strongly in L*(Q).

n—®0

Then we have to prove that
Hm IEJ(Ve) ZJ(V) oo (2.8)
n—x0

If 1im infj(va)=too the property is proved.
n—0

Therefore assume that ]jmpinf j(va)=f(c0. Hence we can extract a

n—0
subsequence (vnk )n such that
k

lim j(Vn ) =0 i, (2.9)
k—o k

Vnk >V ae.inQ.................. (2.10)
since ® € C'(R), (2.10) implies

lim @(Vn j =)o, 2.11)

k—o k

Moreover q)(v) >0 a.e. and (2.9) implies that {@(Vnk j} is bounded in

k

LYQ). e (2.12).

Hence by Fatou's Lemma , from (2.11) and (2.12), we have

d(v)e L'(Q),

[ inf J'q)(vnk )dx > j@(v)dx ............ (2.13)

k=0 Q Q

From (2.9) and (2.13) we obtain (2.8)
This proves the lemma.

Corollary 2.1: The functional j(.) restricted to V is convex, proper, l.s.c.
2.2.3: Existence and Uniqueness results for () (Chipot & Michaille, 1987)
Theorem 2.1: Under the above hypotheses on V, a(.,.), L(.), ®(.) the problem () has
a unique solution in VND(®D).
Proof: Since V, a(.,.) , L(.), j(.) have the properties (corollary 2.1) required to apply
theorem of existence and uniqueness results for EVI of second kind [1], the EVI of
the second kind, (7), has a unique solutionu in V.

Let us show that ue D(®). Taking v=0 in (1) we obtain

alu,u)+ ](u)SL(u)SHfHHuHV ........................ (2.14)

since j(u)=>0, using the ellipticity of a(.,.) we obtain



], < PR (2.15)
which implies
2
Jju) < M ..................... (2.16)
(04
This implies ue D(®D).

Remark : If a(.,.) is symmetric, (1) is equivalent to (2.5).

2.3: Equivalence between (P) and ()
In this section we shall prove that (P) and (m) are equivalent. First we prove
that the unique solution of (7) is also a solution of (P). In order to prove this result we

need to prove that ¢(u) and u¢(u) belong to L' (Q)
Proposition 2.1: Let u be the solution of (r). Then u¢(u) and ¢(u) belong to
L'Q).
Proof: Here we use a truncation technique. Let n be a positive integer. Define

K, :{veV:‘v(xXSn a.e.}.

Since K, is a closed, convex , non-empty subset of V, the following variational
inequality

(z.) a(u”,v—u”)+j(v)—j(u”)2L(v—u”) VvekK,,
/2 RO
' u" ek,

has a unique solution (in order to apply theorem of existence and uniqueness

results for EVI of second kind [1], we need to replace j by j+lk, where Ik, is the
indicator functional of k).

0 if vek

0=,

L +oo if vek,
Now we prove that |jm#, = u weakly in V, where u is the solution of ().

n—0
Since 0€k, , taking v=0 in (m,) we obtain as in Theorem 2.1 in the previous
section that:

o, | <= (2.17)
(04

jlu )< L (2.18)
a

It follows from (2.17) that there exists a subsequence iM } of (un)n and

n
knk

u’ eV such that
lim u, = u" weaklyinV............ (2.19)

Moreover, from the compactness of the canonical injection from H ; (Q) to
L (Q) and from (2.19), it follows that



im s, = trongly in L2(Q). ......(2.20)

k—©

Relation (2.20) implies that wecan extract a subsequence, still denoted by

(un j , such that
k/n
k

limt, =u

k—o

Now let ve VAL™(Q), then, for large k, we have v € k”k and
a(unk Uy )+ j(unk )S a(unk ,v)+ j(v)— L(v —Up, ) ........ (2.22)
since |y inf a(unk Uy, )Z a(u*,u*)

k—o©
lim inf j(unk )2 (i) it follows from (2.19) and (2.22)

k—o©

that
{a(u*,u*)+j(u*)£ a(u*,v)+j(v)—L(v—u*) VveL‘”(Q)mV,
{u* eV
which can also be written as
a(u*,v—u*)+j(v)—j(u*)2 L(v—u*) Vv e VmL“’(Q),
{u* eV s (2.23)

For n>0, define 1, :V—> k, by
T, v=Inf(n, sup(-n,v)) (see Figure 2.1) ........... (2.24)
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Figure 2.1

Then from the corollary (If V' and V™ denote the positive and the negative
parts of v for veH ' (Q) ( respectively H;(Q) then the map v—> {v',v} is
continwous from H'(Q) —H'(Q) xH'(Q) ( respectively H, (Q)—)
H| (Q) x H, (Q) . Also v— M is continuous), [5] we have

0



limz v=v stronglyinV,
T S S (2.25)
limtv=v a.e.inQ

n—0

Moreover , we obviously have,

‘Tnv(xx < ‘v(x){ N (2.26)

V(X). Ty V(X)=0 A€ it (2.27)

If follows then from (2.25) —(2.27) and from the various properties of that
D(z v)<SD(V) e oo, (2.28)

m®(z v)=D(V) a. e .ocooovvireirnn, (2.29)

n—0

Since 7,v € L*(Q)NV it follows from (2.23) that
a(u*,rnv—u*)+j(rn—v)—j(u*)z L(Tnv—u*)} VveV,
u eV

If vg D(®), then by Fatou's lemma

lim j(z v)=+o0.

If veD(®), it follows from (2.28) and (2.29) by applying Lebesgue's
dominated convergence theorem that

lim j(z,v)= j(v)

From these convergence properties and from (2.25) , it follows, by taking the
limit in (2.30), that

a(u*,v—u*)+j(v)—j(u*)2 L(v—u*) VveV,
u ev

Then u’ is a solution of (m) and from the uniqueness property we have u'=u. This
proves that limu, =u weakly in V.

n—0

Let us show that ¢( ) ¢( )e Ll( )

Let vek,. Then u,+t(v-u,) ek, vte]0,1].
Replacing v by u,+t(v-u,) in (n,) and dividing both sides of the inequality by t we
obtain

q)(u" * t(v — 4 ))_ Q)(u” )dx > L(v —un) Vvek, ..(2.32)

a(un,v—un)+

O —

t
since @ € CI(SR) and @' = ¢ we have
ygolq)(“ +ely “")) W) g Vo -u) @l oo (2.33)

0
Moreover since @ is convex, we also have Vte]0,1],
ﬂmﬁhﬂﬂsQWwalm»_QWJSQQFQQJae ......... 234

From (2.33), (2.34) and using Lebesgue's dominated convergence Theorem in
(2 32), we obtain

alu,,v—u, j¢ u, )dx > L(v—u,) Vvek,............. (2.35)

Then takmg v=0in (2.35) we have



+ i Hu, Ju,dx < L(u,),

which implies
2

[, Ju,dx < A (2.36)
Q a
But @(v)v>0 VveV. Hence @(u Ju is bounded in L'(Q).

Moreover for some subsequence (unk ) of (un ) , we have
n
k
¢(unk )unk — @u)u a.e. in Q.
Then by Fatou's lemma we obtain u¢(u) el (Q) and this completes the
proof of the proposition since u¢(u) el (Q) implies obviously that ¢(u) el (Q)
In view of proving that (n) implies (P) we also need the following two

lemma(Glowinski, 1976):-
Lemma 2.2(Mosco, 1973): The solution u of (n) is characterized by

alu,v—u) J'¢ v—u)dx > L(v - u)} Yve L (Q)nV,

ueV upu)e L'(Q)

Lemma 2.3(Mosco, 1973): Let u be the solution of (n) . Then u is characterized by:
alu,v)+ j¢(u)vdx =L(v) Yve L (Q)nV,
Q

ueV,pu)e L'(Q)

Corollary 2.2: If u is the solution of () then u is also a solution of (P).
Proof: we recall that V'=H"(Q)cD(Q) and that
a(u,v)=<Au,v> Vu,veV and L(v)=<f,v>.
Let u be a solution of (). Then u is characterized by (2.38) and since
D(Q)cV we obtain

(Au,vy+ [ luvdx = (f,v) VveD(Q)...ooo..... (2.39)
From (2.3932 it follows that
Au+¢(u)= f D), e (2.40)

since Au and feV", we have @(u) € V" . Hence
¢(u) el (Q)ﬂ Hﬁl(Q) and from (2.40) we obtain that u is a solution of
(P).

We observe that the unique solution of () is also a solution of (P). Now prove
the reciprocal property, that is, every solution of (P) is a solution of (1) and hence (P)
has a unique solution.

In order to prove this we shall use the following density lemma:-



Lemma 2.4: D(Q) is dense in VAL™(Q), VNL”*(Q) being equipped with the strong
topology of V and the weake* topology of L*(Q).

Theorem 2.2: Under the a bove hypothesis on V , a(.,.), L(.), ¢(), Problems (m) and
(P) are equivalent.

Proof: We have already proved that () implies (P). we need only to prove that (P)
implies (7).

BRI )

ue V,(I)(u)& H (Q)le (Q) ..................... (2.41)
It follows from (2.41) that
alu,v)+ j¢(u)vdx = L(v) YveD(Q). oo, (2.42)

If velVnlL” (Q) we know from lemma 2.4 that there exists a sequence
(Vn)n, Va€D(Q), such that

’1115)2 v, =vstronglyinV, ... (2.43)

llil}) v, =v inL(Q)weak *. ............ooiinnin. (2.44)

since v, D(Q2) we have , from (2.42),

alu,v, )+ j¢(u)vndx =LV, )i (2.45)
Q

It follows from (2.45) that lirg a(u,vn ) = a(u,v),

lim L(Vn ) = L(v) and since ¢(u) el (Q) , (2.44) implies that

n—0

Lim [ ¢lu)y, dx = [ ¢lu vl

Thus taking the limit in (2.45), we obtain
alu,v)+ j(b(u)vdx = L(v) YvelV nL(Q).
Q

Therefore (P) implies (2.38) which implies in turn (m) . This completes the
proof of the theorem.

References

Asmar N. H., (2000). Partial Differential Equations and Boundary value Problems,
Prentice Hall.

Chipot M. Michaille G., Uniqueness results and monotonicity Properties for the
solutions of some variational Inequalities, contents of the Proceedings FBP,
(1987), Germany.

Glowinski, R., Introduction to the Approximation of Elliptic Variational Inequalities.
Report from Laboratoire Analysis Numerical, P.(189), (1976).

Lions J. L. , Stampacchia G.,(1967). Variational inequalities , comm.. pure Applied
Math., XX, pp.(493-519).

Mosco U. , An Introduction to the Approximate Solution of Variational Inequalities.
Proc. C. I. R. E. Cremonese (1973).

Vainberg M.M., (1973). Variational Method and Method of Monotone Operators in
Theory of Nonlinear Equations, Halsted Press, New York.



